A new method of the control of spatiotemporal turbulence in two-dimensional oscillatory and excitable media is proposed. By applying a suitable periodic stimulation at a single point, we have successfully controlled spatiotemporal turbulence by developing spiral waves or target waves. This method of control is very general, robust and efficient.
Introduction
Spatiotemporal turbulence or defect-mediated turbulence exists quite generally in excitable and oscillatory media such as chemical turbulence in reaction-diffusion systems and electrical turbulence in cardiac muscle. 1 In many situations spatiotemporal turbulence is very undesirable. For example, ventricular fibrillation, the major reason behind sudden cardiac death, is a turbulent cardiac electrical activity in which rapid and irregular disturbances make the heart incapable of executing a concerted pumping action. Therefore, the suppression of spatiotemporal turbulence is of much practical importance. [2] [3] [4] Recently, Aranson et al. 5 suggested a method of spatiotemporal turbulence control in the complex Ginzburg-Landau equation and in an excitable medium by developing a spiral wave with a local feedback injection. Using low pulses over a coarse mesh of lines, Sinha et al. 6 achieved the control of spatiotemporal turbulence (defibrillation) in a model for cardiac muscle. Experimentally, Kim et al. 7 successfully controlled chemical turbulence in catalytic CO oxidation on Pt(110) by a global delayed feedback.
In this paper, we will study the suppression of spatiotemporal turbulence in oscillatory and excitable media by applying a periodic forcing at a single point. Spiral waves or target waves are generated and they suppress turbulence.
Turbulence Control in the Complex Ginzburg-Landau Equation
The complex Ginzburg-Landau equation (CGLE) model reads
CGLE can be derived quite generally in the vicinity of a homogeneous Hopf bifurcation in an extended system. 8 The complex variable A(r, t) is the order parameter at the bifurcation point. CGLE can be used to model many physical systems such as chemical oscillations, transversely extended lasers, and electrohydrodynamic convection in liquid crystals.
We first set C 1 = −1.4 and slowly increase C 2 to investigate the behavior of CGLE without any control. For a given pair of C 1 and C 2 , the system has a spiral wave solution with a unique wave number k. The spiral wave is stable for C 2 < 0.37 (Ref. 9) and convectively unstable for 0.37 < C 2 < 0.79 (see Fig. 1 ). A careful adiabatic procedure will (see Fig. 1 ) preserve the large spiral wave up to the absolute instability boundary. Not too far from the absolute instability limit, there is a small spiral surrounded by turbulence whose radius does not depend on the system size or the distance to the boundaries. The spiral however vanishes as one approaches the absolute instability threshold. 8, 9 For C 2 > 0.79 and a given wave number, the perturbation grows faster than the velocity of the spiral wave and the spiral wave of the uncontrolled system becomes absolutely unstable. In Figs. 1(a)-1(d), we slowly change C 2 from 0.77 to 0.80. In Fig. 1 (a), C 2 = 0.77, the system is in the convectively unstable region and a stable spiral wave is observed. In Fig. 1(b) , C 2 = 0.78, the system is near the absolutely unstable region and some turbulence appears far from the spiral tip. In Figs. 1(c) and 1(d), turbulence invades the spiral wave and finally destroys it.
In the convectively unstable region, Aranson et al. showed 5 that they are able to suppress turbulence by applying a local feedback control in a small tip region. This will stabilize the tip defect and develop a spiral wave to annihilate all other defects together with turbulence. Their method works in the region of convective instability but fails in the region of absolute instability. This is because the feedback method is based on the existing spiral solution of the uncontrolled system. This system can however never be stabilized by a local control near the tip area in the absolutely unstable case. 5 In the following we will study the control of turbulence in the absolutely unstable region [ Fig. 1(d) ] by applying a local injection. In order to sustain and develop a spiral wave in the turbulent region of Fig. 1(d) , we need a well-behaved tip serving as the seed. Experimentally it is relatively easy to change the system parameters temporarily in a small area (e.g. in chemical reactions this can be done by temporarily illuminating a given area by a light beam). With this change we can generate a small spiral wave island in the turbulent sea. In Fig. 2(a) , we generate this small spiral wave seed by changing C 2 to 0.5 and injecting a small spiral seed in the center 31 × 31 area for t = −100 t.u. For t ≥ 0, C 2 returns to its normal value 0.8. Our goal is to sustain this spiral seed and develop it into a large and entire spiral to destroy turbulence.
Let us start from Fig. 2(a) . Without control, turbulence can easily invade the center area of Fig. 2(a) and finally wipes out the spiral seed, leading the system quickly from Fig. 2(a) to a fully developed turbulent state Fig. 1(d) . Our main idea is to inject a periodic signal in a small fixed area around the tip of the initial spiral wave [i.e. the center of Fig. 2(a) ]. This will protect the spiral seed from turbulence invasion and develop the spiral wave to destroy turbulence in the whole system. CGLE with control is described by the following equation:
where i, j, µ, ν are integers and x i = (i − 1), y i = (j − 1). The controlled area is a square in the space center with n × n sites (for n = 1, µ, ν = 128; for n = 2, µ, ν = 127, 128 etc.). In Figs. 2(b) -(d), we take n = 3, Γ = 0.5, and ω = 1.2ω 10 (ω 10 = 0.3762 is the angular frequency of the spiral for C 1 = −1.4, C 2 = 0.5). We find that with a signal injection, the spiral seed can not only defeat the invasion of the surrounding turbulence but also grow into a large spiral wave by emitting waves into the turbulent region. In Fig. 2(d) the whole space is firmly controlled by the spiral wave while the system parameters remain in the absolutely unstable region. The efficiency of this simple method of control is surprisingly high. We use only a single signal injected into an area of 3 × 3 sites, which is extremely small in comparison with the turbulent area of 256 × 256 sites. This simple method enables us to control turbulence and turn it into a perfectly regular spiral wave. It is interesting to ask why such a nonfeedback control method works in the parameter region where the feedback control method fails. 5 The reason is shown in Fig. 3 . Here the solid line is the approximate separatrix between the absolutely unstable region and the convectively unstable region in the k-C 2 plane. 8, 9 The squares in the figure indicate the wave numbers of the spiral wave in the uncontrolled system in the convectively unstable region. In this domain the feedback control method works well. Since feedback control is based on these solutions, a local control in the spiral center can work only locally and it cannot destroy turbulence in the region far away from the spiral center. With a nonfeedback control we can modify the wave number of the resulting spiral waves, which are shifted by the external periodic forcing from the absolutely unstable region to the convectively unstable region. This wave number modification stabilizes the spiral wave and annihilates turbulence. From the results of the uncontrolled spiral waves, one can see that the wave numbers of the spiral waves are in the absolutely unstable regime when C 2 > 0.79. The local periodic driving shifts the spiral wave number from the absolutely unstable region to the convectively unstable region (the corresponding circles). The control parameters of Eq. (2) are: for C 2 = 0.80, n = 1, Γ = 6.0, ω = 1.0ω 10 ; for C 2 = 0.85, n = 4, Γ = 0.5, ω = 0.8ω 10 ; for C 2 = 0.90, n = 5, Γ = 0.6, ω = 0.8ω 10 ; for C 2 = 0.95, n = 3, Γ = 1.18, ω = 2.3ω 10 .
Turbulence Control in an Excitable Medium
Let's consider an activator controller two-variable reaction-diffusion model of an excitable medium of the FitzHugh-Nagumo type:
where
Here u and v are, respectively, the activator and the inhibitor variables. The spatiotemporal dynamics in the parameter space with fixed a = 0.84 and b = 0.07 (Ref. 11) while varying is as follows. In the range 0.01 < < 0.06, suitable initial conditions lead to steadily rotating spiral waves. At = 0.06, the spiral wave undergoes a transition from steady rotation to meandering. When > 0.07, the spiral wave breaks up and the system quickly falls into a turbulent state.
We now consider the case a = 0.84, b = 0.07, and = 0.085. The system displays spatiotemporal chaos and is deeply in the turbulent region [see Fig. 4(a) ]. The main idea of turbulence control in this system is the same as that in CGLE. We apply a periodic signal to a small fixed area
The control of turbulence is obviously achieved [see Fig. 4 ]. Turbulence of an excitable medium system can be controlled by injecting a signal at a single point even without a spiral wave seed. In this case periodic forcing can itself lock a defect and develop this defect to an entire spiral to suppress turbulence. More interestingly, for suitable values of Γ and ω, we can also generate target waves and develop them to annihilate spatiotemporal chaos in an excitable medium. In Fig. 5(a) we inject a periodic signal with n = 5, Γ = 2.0, and ω = 0.8ω 20 (ω 20 = 2.34447) into the central point of the system. One can see that after the local force is applied, a small target wave is generated near the central part [see Fig. 5(b) ]. Target waves generated continuously from the forced point can ceaselessly drive the defects (spirals) out of the system [see Fig. 5(c) ]. Finally, in Fig. 5(d) , the whole space is firmly controlled by target waves although the system is still in the spatiotemporally chaotic state. 
Conclusions
In summary, we have developed a new and practical method for controlling spatiotemporal turbulence in oscillatory and excitable media. Our method has the attractive feature that a periodic force is applied to the system only at a single point. By developing spiral waves and target waves with a local injection, we have realized the control of spatiotemporal turbulence. We expect that our method can also be applied to other oscillatory and excitable media such as chemical and biological systems.
